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Metric and Topdogical 5Puces I‘L

1 Decae if the (’\mc&im dxw)=fo if x=y, x+y aé:j} is of s
ot o Mekic on the set Ny, on Moo, on N U 4-13, on Rs,.
I( "bw" ot least once, then deaw the respechive.  ofen
disks B o (x22) and  RBczz(Xe =10)

For d b be a Mekdc, 1} Needs to 50&"5(5 e 3 axioms,
On the set N3, we se that X #4y
M) ko\ds, as dlxydzo for all XY € Nz, as e, XY e,
So. X+y>0, and when x=y, by definikin of d, d(xy)=o
=> dly) 20 ond  dlxy) =0 ¥ x=y.
Ma) alse helds as alxy) ={o i x=y
W% Aey {{ %Y.
Then, We See that @ if Yy=x, dly,x>z0, and 4 Xky=y+x
So, d(&x):a&m =Xty if Y # x
=> d(‘\j,t)z d(x,b) -?cf W\ X,\‘j& IN 21
M3) Lot us talke any X,y 2 € Ny, . Then consider 2
Cases. Case 1) K=2. T hen dlx,z)=0 éc\(x,a)\td(g,z)
teapcdless of yex=2, 00 Yy # X=2.
Wse 2) XAz, Thea Al z2)= Xtge £ Xiygtyrd
= dlx,y) +A(5,,2) Foc all we Nrg a5 y#o.

A Ao A

—_——

orlsqsc;yal."n.

X= B(,,o (onl)
Az Br=a(Xo=1)

Nedt, o consider Na,. Nole thak f My, nothing cheages, as
x#Y , but 1 of them \oeing 0 Meon s dixy)= X+y= xro=x >o
for exoaple yzo
and foc x=y=o dlxyl=o 1{3 definition.
Yoc Nz,), the. ocaume,ﬂk holds as W is.
Foc H33, I;f Coe 0, wes see.  thad the a(w* as it is \\oldj
£ case 2) Nk that d(x,2)=x+2 % X+Yyty+ 2 = dix,y)

Cxdly2) a3 Z7T\ 9 can Cqual © now.
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= o if Y= x

er 0((3,\() . d(K,té\

12
(d¥iovalion QQ (‘\m,s\io(\ {:

Bud (oo still haye dlx.g)-‘- Alx,w) +dly,2) foc all x9,2€ Ny,

Ebc Bizio (%672), we 0dd an » to khe point 03§

Yo¢ Bc:;.()c,uo)/ we don't adad C‘“'ﬁkh;“%

Now. uR  considec u\ho\) {-\’L_

Note thal fox H.)((oe et thatfx=1, 4 =-1
4 3=

CUX‘S): X#yz (-1 =0 even thoualh x#y. As this axiom

deest® old, d is not @ mekic on Ny {~47.

Laﬁl'lﬂ,we- considec Ro.
Foc M), tonstdec &(XQ)) ={o if X=Y
Y-rj if X#‘j
Fom s we S¢, as %y ﬂohlvﬂaﬁde, Ehat d(’(:fj)zor and.
oty o if x=y (x4y is %0 i§¢ Y=, but 12 den't hane
(\13&,{1\10. Nuumbecs ) ‘;T('MOL\' : ic? X=y => d(\(‘\:)):.o

o ML) 4 definctron,
dix,ca) ;{o if %=y

X4y Wx#ﬁ

X ¥4 =0t X
=> d(y,x) ={ 0 ff Y=x (x=~3)
Yix = x4y if Y Ex

Joc¢ Ns), Pre soume o&swvm* as fh fot N2o holds

B(:to (2= 2) E T 1 v ¢ T ‘%‘
. o 1 t 3 &« 5 ¢ F p J b uw
B(::L (% =10) —f =T T )
5 [)) te 12

!
J
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2. Lek (X,.ax) , (lé dsy) be mekeic spates. Powe thok 0 mMop

£:X=7Y s contionons f p(A)E FIAY for atl Sdosds
ASX

We 3dved this exewse in hamewode 5.
=> (et us assume g is w\Hhum,W let A be
any ek of X, aod lek ye £(A). We knoo that thece
Musk exik an  xe A 4. )=y e £(B), As{is
Conkinuoss, we know Lak for €0, I dvo st. F(Byud)e B
\)3 F(o?o&(ka\ S.3o.
By definition of the dlosute, Jae A 33 ae An B§K)
This gives us: §lade (4B 3x) € Be(y). This means hat
$lede Be () n $(A). Thiy gioes that Q(ade ET))
35 < Fa

% [} us assume thok {(DE m) for el AS X. From
Pofesition 6.6, we lnow that £ & continuous i€ £7(V) s
dosed in X wienewer VY is clased in ’j Suppose we hawe ang
Ve V) dosed in Y They, we oo \o:j propositien e
had V=V. Noke that §¢(V) €V
By peoposition 6.ubd, we Now S Evak

(V) & V=, *
By our assumplien, we alse awe

2(f'V)) € 2(8(vY) A

(ombt'ﬁg'ﬁa T Ond B gies us

PO W BT =V =5 §T(V) e27(0),

Now, by poposition b.1a), we \naxe thak

'Y & (V) which means Yhax £1(V) = £ (V)
We lnow tnat {0 s dosed in X, 3o (1) must ke clpsed
W X,

o, fow Yy prposition bb, as fx all V closed in Y,

PrIV) s dosedin X, fis wonkinuous.
7B\
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5> Tn o space X, its sabser V is dosex i€$ i+ containg

it> owa boundasy : oYey

= Assame V iy closed . Fbv& Popo sitfon o). 1o C, V=V,
Consides anyy xe JV »
QZ’) 'Pcopos}\-im\ﬁcb.'ko'we. know khat V=V XW
=> xedV= VA KXW
This means that xeV, buk as V=V, xeV.
¢ VeV

+ Assume that IVEV
We krow Yoo propesikion  oy.10 ¢ that \ is closed in X
TR
3 Profesbion a.le6), we know ety VEV
Whak vemazins to be Shown i3V €V,
To this end, consides VeV
Then, we can Bishinagish % cases:
Case 4) yg OV
case 2 VEQJQV

Letus tonsider case D By definibon W= VAV

Ve IV=VW bt veV = VeV
B:}, F(‘UPQS:'-h'on Qg o), VeV => VeV

:Nuh Case 1')'. vedV. We know 4rom. PrOPosfh'm %%

enak AV= YV NEXNY. . |
vedVz=Vaxi\Vv =>veV, K veX\W

eV => 30X opn k. vel, VAU # f
Ve XW => 3U, ex open >k vEUr, (X\WNU2 # ¢
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4 Give oo Qxamplz og o RGULO e o‘- open Lonbectedk subsets
Unc E* of the plane dSuth that Un& 2 Uns dor
eoch ne N but the intersedion 'QN Un S not connected

Convidec o & E* the %o\\bw% inksseckion *
W . Bl-l-lr'\ (NN B\*%\(-O = Wn

Twen @ Un2 Unp Ua cre open woonecked
oseks, bud nok thak N Wa i3 not  onnechedh

n=

=\ f\z 10

CA=S 0
whete. e e male Ehe

peckition  KardiBa e,
B, (B,

(B (D) OB =) =Un a5 n-see
R 0B,(-0=4

R() B () both open
B, RO both I’Oneﬂ\ph,)\

5\
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Slet X ‘e a Hamsdorf§ space
@) Ta X, ey WM Pack iS c\osed.
b) Yo any poitk X&X ,the inliseckion of all spen
Subsets of X containing X i3 Ehe Singlelon seb {xf.
¢) Given an example o% ‘copb(osfcal spa® X which s not
Hausdocfd its toologey s ot $4m ofinite , skil b) hdds.

&) Leb AeX be ompack. (XTx)

We kacw fom preposition 1.4 «) that Gréeso A i3 olso Housdorff.
We want ko show hak fac XNA 15 open in % je,

Yye X\A, 3Ux €Ty sit. 2eUx ©ANA

Lek us fix ony xeX\A , ond Lk o aieh. e L

Theq, a5 X is Howsdocfp voe Lnow Prak

AUGNeTx I ke Ue)  FUx(D eTx] ae Uk (0) aad
UadlX) AUx () = &.

Nole thad U Ug (@) is an open toves Bor A. Now, os A s
ied .

compack, wWe Con §ind o finite dulatael of A, ie.,

indoxi \ 4. U Uela) & 2C.

| 33,&\&&1\552} 1<ed 34 5&3’((%\

Now V&b us tonsidec ) Uggx). We e that xe \,Q Ua; (),

~ond as its o finde 2ed inlesseckion of ofen  sels, ]

JQS Ug;(x) & open in X.

By tonskrudkion, AGN (jfe\3 Uag ())& (J-Pgux("‘dﬂ r\(‘_,\e)3 Ue; (x))= ¢

Then, we sen Ehak AR X\A

New,set Uxs () Uaj (). Then, we 0 Ehak
WxeXVA 13Uk sh xeUx & XVA,

Now, by Mebmition poposition 4.2, KA is opa in X
=> A is dosed in X. ,

2N
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(onkinuation  of queskion % S
b) Lot ws fix x* e X fo an cbitawy %,
Le} us tonsider 2 cases:
Cose 1) O asel %, A S X sudn that it only wntains
Y. Thean, \’Q&Md\-&SS o with whed  subseks bon{-amin% x®
we intecsect e Khis itlecsedion will onk:j contain (1%
Case 2) z sudh 4 set A as desciibed abote (6 we caanoh find
i£). Then, we Laow Pnak X is Hausdorfy.
Le us consides any sek Ue X Lor\kaic\io% ¥ ond assume
B%EX R 56\4. :
G\ Let (a( c\U fo( ie.l Saome indexit:j set
ok leagy 4 @A Ve ol elements of U not equal to x*,

As X is Hausdocp, 3 open 2eks Uy (yd 29i Uy (A 2%

sach thak  U,» (3‘:)0%,-[1’) s g,
) 2 %

Nole thet I V2 e Ug® (y) , = ¢ ua,(éonu, and

defire this idkerseckion as Ai. 0’

Now wnsidesr N A; . This inksseckion  contains x”, lod

| el xt o by construckon.

=\ Yne inlaseKon of all gpen suloseds Ld\\-ca:\ma& X

For ooy poink xe X is &the ﬁl\%\e\ox\ sa+ dx].

9] Cﬂ/ﬂ e the ! , SK(EV& by ogu R N
se¥ €312, .
ek us  (onsides B0 Thick Line as 8eQined in lechuse 8.

~Then, bhe Theck line is Nok Haus dorfp, 1t topology is not
Zinie, and oD holds,
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6 A mekde spa K id (omplehe. @3 ang Nested sequence

OQ dosed is\s ,Vn.' = BF; (xn) < €:)6 l d(’h\,&\ ﬁ"n"l 2 Vs,
sudn Yhak thneic fadii fA=>0 o5 Nn—>0 has a Nenemply
iO\ecsechion . Piove &=

| [:G us asswMe  bnal e hawe oy nested sequence of closed

disks Var= BT (00) = £9eX1d 00, eI 2 Vnu 5.t

fTa=20 Gy N-HNW

Convidas GO C,Q,U.p\(\\b sequence. Tk (xa) in X, ondl

note. bhak werten \03 c)\e@\'n({:ion of a (a.m)mﬁ lequance, for
£>o BNe\N ot Waeaeoer mn 2 N, d(x.\,xmk €.

0 (V] . T- T Qa ?“ —
“Feom bre dequence. (.XnB, we. will nstinct oo Nested Sequunce

. of dosed Aisks in the ? ollowsio way *
Lek us sek tnz dlke, Xa-)  “When N22 and lek

Wraey fi=9y 20,

~ Note phar  Uke his, we will  oPvain o pegkd Sequence
of desed disks V= B, (xa)

As (%) is Cmdl\b, foc ang €30, woe cmguﬂ’(m

<
v
[ 1)

i ddzdpgim Ne N 31 Whenever & nm¥ 34 N,

A Xm) <€ Now, let us doose €<, Then, loy

- oonsiuckon of U, dlxnXm)&ry 2E =5 AL lca XY <E

CAs we can Mmake ¢ acbibrac] Shall, we can ind Nely
[ S}

E=e as N—sw. In oths Words, we. con  Male

N as N _‘\_)6.9_&0 \Oss assum phion Q?o\’t\ is not
empry. = 3 xe N7 Vn "

This means Ehat, as (xn) & Phlm V.
ko xen® Va. SR s 'y B Convages

NSt '
=5 (Xa) onverges, o a point in X

R\
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(ontinnakion question 6:
As we chotoe o Camdny sequence. in K, all

tequanes in X il congege to a point in X, and
s, dafivibion, K is Gmplete.
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